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Abstract
We calculate the closed analytic form of the solution of heat kernel equation for the anisotropic
generalizations of flat Laplacian. We consider a UV as well as UV/IR interpolating general-
izations. In all cases, the result can be expressed in terms of Fox-Wright psi-functions. We
perform different consistency checks, analytically reproducing some of the previous numerical
or qualitative results, such as spectral dimension flow. Our study should be considered as a first
step towards the construction of a heat kernel for curved Horˇava-Lifshitz geometries, which is
an essential ingredient in the spectral action approach to the construction of the Horˇava-Lifshitz
gravity.
1 Introduction
Recently, space-time with anisotropic scaling has become a popular subject in theoretical and math-
ematical physics. Largely, this is due to the influential paper by Horˇava [1] where a candidate for
the possible UV completion of Quantum Gravity was suggested. This work is a non-trivial develop-
ment of Lifshitz’ earlier idea [2] (Hence the common name for this type of models - Horˇava-Lifshitz
(HL) models). Since then the area has attracted considerable attention. The developments have
been along several different directions: study of the possible experimental consequences, theoretical
study of the structure of the model, different generalizations etc. For some recent reviews, see [3–6].
Our interest in HL model lies in the detailed study of this model from the point of view
of spectral (or non-commutative geometry) [7]. The possible advantages of this approach were
discussed in [8] where one of the first steps in this direction had been made. Namely, in [8] we
calculated the spectral dimension of the HL model of arbitrary curvature using the methods of
spectral geometry. The result was in complete agreement with the earlier calculation for the flat
case [9]. To perform this analysis, we introduced a notion of a generalized Laplacian, which is
an appropriate generalization of the usual Laplacian on a manifold. This modification is needed
to incorporate the information about the anisotropic scaling. This generalized Laplacian (or its
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counterpart in the form of a generalized Dirac operator) is one of the main ingredients in the
spectral approach to the HL gravity. This is due to a couple of reasons:
1) It is well known that the information about the usual commutative geometry can be extracted
from the so-called spectral triple [7,10]. Dirac operator is an essential component of this triple (the
other two being the algebra of functions and the Hilbert space of spinors). In the same way, we
can construct generalized geometries by using the generalized spectral triples. In the case of the
HL models, what is really modified is physical geometry, i.e. the geometry as seen by the physical
objects (fields etc.), see the discussion in [8,11]. The generalized Dirac or Laplace operators encode
the information about this physical geometry: a) the space-time is a foliated manifold (as in ADM
approach); b) the time scales differently from the space.
2) At the same time, the Dirac operator contains the information about the dynamics of both
geometry and matter. Essentially, this is the main idea behind the spectral action principle [12].
The great advantage of this approach is in the fact that the same object (Dirac operator) controls
both geometric and matter part of the action. And we see this as a very promising for applications
to HL models where the action contains huge ambiguity. The success of the spectral action principle
applied to the Standard Model [13] is very encouraging.
While in [8] the calculation was motivated by the first type of the reasonings - we calculated
some geometrical characteristics of the typical HL space-time (spectral dimension), here we would
like to make some initial steps in the other direction. The knowledge of the heat kernel of the
Dirac operator is essential for the calculation of the geometric part of the spectral action [12].
It is reasonable to start with the heat kernel for the flat generalizations of Laplacian (as we will
see, already this is not a completely trivial task). The result is not just of some methodological
interest. Rather it should serve as a starting point for the analysis of the general curved case,
which is currently under study. The final outcome of this line of research should be purely algebraic
derivation of the action for the HL gravity via the spectral action principle. This will be the focus
of our future research.
The plan of the paper is the following. In Section 2, we study in details the case of a UV
generalization of Laplacian. Section 3 is devoted to thorough analysis of the general flat case.
Multiple analytic results are obtained in complete agreement with previous studies as well as with
physical intuition. In Conclusions we discuss the importance of the obtained results and outline
the future directions. Finally, in Appendix, we briefly review some properties of the Fox-Wright
psi-function, providing some proofs of the facts used in the main text.
2 Anisotropic flat Laplacian. UV case.
The heat kernel technique is quite powerful and has been applied with great success in many different
areas of theoretical and mathematical physics as well as in pure mathematics (see, e.g., [14] for
review). Our interest in heat kernel is due to its intimate relation to the spectral action [12].
Roughly speaking, one can say that knowing the heat kernel of some relevant Dirac (or Laplace)
operator is equivalent to knowing what is the geometrical part of the physical action. There are
two important points in this statement:
1) What is this physically relevant operator? By now, it is well known that for the standard
choice of the Dirac operator one recovers the Einstein-Hilbert-Yang-Mills action [12]. But what
should be our choice if we want to employ this technique for some generalizations, like HL gravity?
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2) Even if the relevant operator has been chosen, it is still a non-trivial task to find a heat
kernel for this operator. In fact, even in the case of the standard choice, this result can be found
only in the form of some asymptotic series (which is enough to produce the spectral action!). The
knowledge of the exact results for some specific cases is essential for this calculation [14].
Based on these two points, it should be clear that the most natural first step would be to start
with some appropriate generalization of the flat Laplacian. In [8], it was argued that such operator
for the case of the foliated geometry with anisotropic scaling between space and time should be of
the following form1
L = ∂2t + (−1)z+1(∂i∂i)z .
The index i takes values 1, 2, 3 and δij is used to contract the indices. z is the anisotropic scaling
exponent, i.e. under
t→ azt
~x→ a~x
L has a well-defined scaling: L → a−2zL. The (−1)z+1 factor in front of (∂i∂i)z in (1) is to insure
the generalized ellipticity (see the discussion in [8]).
So, we would like to find a solution to the following problem:
∂τK(x− x′; τ)− LK(x− x′; τ) = 0 (1)
K(x− x′; +0) = δ(4)(x− x′) .
The formal solution of (1) is given by
K(x− x′; τ) = 〈x|eτL|x′〉 , where
〈x|x′〉 = δ(4)(x− x′) .
Here |x〉 is the standard generalized eigen-vector of x, while pi := −i∂i. Because in the momentum
representation
〈p|eτL|x〉 = e−τ(p20+~p2z)〈p|x〉 , 〈p|x〉 = 1
(2π)2
e−ipx ,
we have (as usual, px := p0t+ ~p~x)
K(x− x′; τ) = 1
(2π)4
∫
d4p eip(x−x
′)−τ(p20+~p2z) .
Note that the generalized ellipticity condition is crucial for the convergence of this integral. The
integral over p0 is trivially taken producing the standard result for the 1-d kernel:
1
2π
∫
dp0 e
ip0(t−t′)−τp20 =
1√
4πτ
exp
(
−(t− t
′)2
4τ
)
=: K0(t− t′; τ) . (2)
1This will capture UV structure of the space-time, hence the title of this section. More general case, which is also
sensitive to IR, will be considered in the next section. See [8] and the discussion below for more details.
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Using the SO(3) symmetry, the expression for K(x− x′; τ) can be written in the following form
K(x− x′; τ) = 1
2π2|~x− ~x′|K0(t− t
′; τ)
∞∫
0
dp p sin(p|~x− ~x′|) e−τp2z . (3)
We need to calculate the following integral
I =
∞∫
0
dp p sin(αp) e−βp
2z
. (4)
This is done by expanding sin(αp)
I =
∞∑
k=0
(−1)k
(2k + 1)!
α2k+1
∞∫
0
dp p2k+2 e−βp
2z
=
=
1
2zα2
∞∑
k=0
(−1)k
Γ(2k + 2)
(
α
β1/2z
)2k+1 ∞∫
0
dp p
2k+3
2z
−1 e−p =
=
1
2zα2
(
α
β1/2z
)3 ∞∑
k=0
(
− α
2
β1/z
)k Γ(k+3/2z )
Γ(2k + 2)
. (5)
Using the Gauss’ multiplication formula for gamma-function, we can write for Γ(2k + 2)
Γ(2k + 2) =
22k+3/2√
2π
Γ(k + 1)Γ(k + 3/2) .
This allows us to re-write (5) in the following form
I =
1
2zα2
(
α
β1/2z
)3 √π
2
∞∑
k=0
(
− α
2
4β1/z
)k
1
k!
Γ(k+3/2z )
Γ(k + 3/2)
. (6)
The sum in (6) is immediately recognized as (1,1) Fox-Wright psi-function, 1Ψ1 [15,16], so the final
answer for (4) takes the form2
I =
1
2zα2
(
α
β1/2z
)3 √π
2
1Ψ1
[
(3/2z, 1/z); (3/2, 1);− α
2
4β1/z
]
. (7)
In appendix, we give the definition of Fox-Wright psi-function and review some of its properties
relevant for us.
Now, we use the result (7) to obtain a closed expression for our heat kernel. Recall that
α = |~x− ~x′| and β = τ . Then using (7) and (2) in (3) we get
K(x− x′; τ) = 1
z(4π)2τ
1
2
(1+3/z)
e−
(t−t′)2
4τ 1Ψ1
[
(3/2z, 1/z); (3/2, 1);−|~x − ~x
′|2
4τ1/z
]
. (8)
2It is interesting that the simple looking integral (4) leads to this non-trivial result in terms of a relatively rare
special function. As a curious observation, we note that this seems to be absent even in [19].
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Let us do some preliminary analysis of this result.
1) z=1. Using that 1Ψ1 [(a,A); (a,A);x] = exp(x), we immediately recover the classical result
for the standard Laplacian:
K(x− x′; τ) = 1
(4πτ)2
e−
(x−x′)2
4τ .
2) The limit x→ x′. In this limit for the arbitrary z the heat kernel (8) is reduced to
K(0; τ) =
Γ(3/2z)
zΓ(3/2)
1
(4π)2τ
1
2
(1+3/z)
.
It is well-known (see, e.g. [17]) that this is related to the return probability for a random walk on
our space-time, which, in its turn, is related to the so-called spectral dimension dS by (also see the
discussion in next section)
K(0; τ) ∼ 1
τ
dS
2
. (9)
So we see that we (trivially) reproduce the known result for the Horava-Lifshitz space-time [8, 9]:
dS = 1 +
3
z
. (10)
3) Other representations of K(x − x′; τ). Here, for the convenience of the possible fu-
ture applications, we give other forms of the heat kernel (8) in terms of hypergeometric functions
and Meijer’s G-function. This is done with the help of the general formulas from the appendix,
Eqs.(23),(24). Noting that in our case
a =
3
2z
, α = 1 , b =
3
2
, β = z and k = z
(all the notations as in the appendix), we have
i) Hypergeometric representation:
K(x− x′; τ) = 1
z(4π)2τ
1
2
(1+3/z)
e−
(t−t′)2
4τ
(
Γ( 32z )
Γ(32)
+
z∑
s=1
Γ(3+2s2z )
Γ(3+2s2 )
(
−|~x− ~x
′|2
4τ1/z
)s
1
s!
×
×1F2z−1
[
1;
2s+ 5
2z
, ..,
2s+ 3 + 2(z − 1)
2z
,
s+ 1
z
, ...,
s+ z
z
; (−1)z |~x− ~x
′|2z
(2z)2zτ
])
. (11)
To arrive at this result, we have used the trivial parameter cancellation property for the hyperge-
ometric functions:
nFm [..., a, ...; .., a, ...;x] = n−1Fm−1 [...; ...;x] .
ii) Meijer’s G-function representation:
K(x− x′; τ) = 2
(4π)2τ
1
2
(1+3/z)
(π
z
)z
e−
(t−t′)2
4τ ×
×Gz 11 2z
( |~x− ~x′|2z
(2z)2zτ
∣∣∣∣ 1− 32z0, 1z , ..., z−1z , 2z−32z , ..., 2z−(3+2(z−1))2z
)
. (12)
The analytic result for the heat kernel in either of the three forms, (8), (11) or (12), does not
look simple. This shows that one should expect that the analysis of the general curved case would
be considerably more involved than for the standard Laplacian.
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3 Anisotropic flat Laplacian. UV/IR interpolating case.
The results of the previous section can be readily extended to operators of the form L = ∂2t +∑z
k=0(−1)k+1γk(∂i∂i)k, k ≤ z, where γk are some constants.3 One immediately obtains the gener-
alization of (3):
K(x− x′; τ) = 1
2π2|~x− ~x′|K0(t− t
′; τ)
∞∫
0
dp p sin(p|~x− ~x′|) e
−τ
z∑
k=0
γkp
2k
.
So, the analog of (4) that needs to be calculated is
I =
∞∫
0
dp p sin(αp) e
−
z∑
k=0
βkp
2k
.
The strategy is the same as was used to evaluate (4):
I =
∞∫
0
dp p e−βzp
2z

z−1∏
k=0
∞∑
jk=0
1
jk!
(−βkp2k)jk

 [ ∞∑
l=0
(−1)l
(2l + 1)!
(αp)2l+1
]
= (13)
=
1
2π2α
∞∑
{jk}=0
∞∑
l=0
(−1)l
(2l + 1)!
α2l+1
(
z−1∏
k=0
(−βk)jk
jk!
)∫ ∞
0
p(2+2l+
∑
k kjk)/ze−βzp
2z
dp
=
1
4π2z
∞∑
{jk}=0
∞∑
l=0
(
z−1∏
k=0
(−βk)jk
jk!
)
β
−(3/2+∑k kjk)/z
z
(2l + 1)!
(−α2β−1/zz )lΓ
(
3/2 + l +
∑
k kjk
z
)
=
√
π
8π2z
∞∑
{jk}=0
(
z−1∏
k=0
(−βk)jk
jk!
)
β
−(3/2+∑k kjk)/z
z 1Ψ1
[(
3/2 +
∑
k kjk
z
, 1/z
)
; (3/2, 1);− α
2
4β
1/z
z
]
,
where in the last step we again used the Gauss’ multiplication formula. This leads to the heat
kernel in the form
K(x− x′; τ) = 1
z(4π)2τ
1
2 (1+3/z)
e−
(t−t′)2
4τ
∞∑
{jk}=0
(
z−1∏
k=0
(−τγk)jk
jk!
)
(τγz)
−∑k kjk/z ×
×1Ψ1
[
((3/2 +
∑
k kjk)/z, 1/z); (3/2, 1);− |~x−~x
′|2
4(τγz)1/z
]
. (14)
As the first (trivial) check of this result, we should reproduce our heat kernel from the previous
section, Eq.(8). This is easily achieved by setting γk = 0 for all k 6= z and γz = 1.
Our further analysis we will perform for the slightly less general case when only one additional
γk is not zero, i.e. for the generalized Laplacian of the form
L = ∂2t + (−1)z+1γz(∂i∂i)z + (−1)k+1γ(∂i∂i)k . (15)
3Actually, γ’s are related to some characteristic scales Mk, γk ∼M
2(z−k)
k [8].
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This will allow us to avoid some technical complications and yet preserve all the interesting physical
features as ”dimensional transmutation” and so on. For this specific case, the general formula (14)
will slightly simplify
K(x− x′; τ) = 1
z(4π)2τ
1
2 (1+3/z)
e−
(t−t′)2
4τ
∞∑
j=0
1
j!
[−γτ1−k/z]j ×
×1Ψ1
[
((3/2 + kj)/z, 1/z); (3/2, 1);− |~x−~x′|2
4τ1/z
]
. (16)
We would like to address two questions:
1) What is the spectral dimension of the model based on (15)?
2) Can we show analytically that in IR (the precise meaning of this will be given later) the
system is indistinguishable from the one with the generalized Laplacian L = ∂2t +(−1)k+1γ(∂i∂i)k?
To answer both of these questions, another representation of our result (14) will prove useful.
We will work it out for our specific case. For this case the penultimate step in (13) will look like
I =
1
4π2z
∞∑
j=0
∞∑
l=0
(−β)j
j!
β
−(3/2+kj)/z
z
(2l + 1)!
(−α2β−1/zz )lΓ
(
3/2 + l + kj
z
)
.
Now we have two options: either take the sum over l or over j. In the first case we will arrive at
the result (14) in terms of 1Ψ1. The second one will lead to a new representation in terms of 1Ψ0:
4
I =
1
4π2z
∞∑
l=0
β
−3/2z
z
(2l + 1)!
(−α2β−1/zz )l1Ψ0
[(
3 + 2l
2z
,
k
z
)
;−ββ−k/zz
]
. (17)
Using (17), we have an equivalent representation for the heat kernel:
K(x− x′; τ) = 2
zγ
3
2z
z
√
π(4π)2τ
1
2 (1+
3
z )
e−
(t−t′)2
4τ
∞∑
l=0
(−|~x−~x′|2(τγz)− 1z )l
(2l+1)! ×
×1Ψ0
[(
3+2l
2z ,
k
z
)
;−γγ−
k
z
z τ
1− k
z
]
. (18)
3.1 Spectral dimension
Now we would like to analyze the spectral dimension, which follows from (18). We recall that
the spectral dimension can be read from the return probability K(0; τ), see the discussion around
Eq.(9). Using (9) we can define the spectral dimension of generalized geometries as [9, 17]
dS = −2d lnK(0; τ)
d ln τ
.
Applying this to our case with K(0; τ) given by (only l = 0 term will contribute in (18) when
|x− x′| = 0)
K(0; τ) = 2
zγ
3
2z
z
√
π(4π)2τ
1
2 (1+
3
z )
1Ψ0
[(
3
2z ,
k
z
)
;−γγ−
k
z
z τ
1− k
z
]
,
4I.e. relation between (13) and (17) below has the form of a re-summation formula.
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we get the analytic answer for the running spectral dimension
dS = 1 +
3
z
+ 2γγ
− k
z
z τ
1− k
z
(
1− k
z
) 1Ψ0
[(
3+2k
2z ,
k
z
)
;−γγ−
k
z
z τ
1− k
z
]
1Ψ0
[(
3
2z ,
k
z
)
;−γγ−
k
z
z τ
1− k
z
] . (19)
In derivation of this result we used the Proposition 5 from the appendix on derivative of psi-function.
To analyze (19), we need to clarify what is understood under UV or IR regime. What we expect
physically is that in both limits the spectral dimension will be given by the formula (10), with the
only difference that in IR instead of z the dimension should be controlled by k. We will show below
that this can be demonstrated analytically. So, what plays the role of the parameter controlling
the UV/IR transition? Taking into account the footnote on the page 6, one can easily see that
such dimensionless parameter is ρ := γγ
− k
z
z τ
1− k
z . When ρ ≪ 1 we are in deep UV and ρ ≫ 1
corresponds to IR. This could be understood recalling the interpretation of τ as the return time
(not the time of the space-time!). So, τ , small compared to the scale determined by γ’s, corresponds
to probing space-time distances shorter then this scale and vice versa. Now we can analyze (19) in
both regimes.
a) UV. Because 1Ψ0[(a,A), z] −−−→|z|→0 Γ(a), it is clear that the second term in (19) goes to zero
in this limit, which gives us the expected result:
dUVS = 1 +
3
z
.
b) IR. To analyze this regime, we will use the result of the proposition 4 of the appendix:
1Ψ0[(a,A),−z] −−−−→|z|→∞
Γ(a/A)
A
z−a/A .
Applying this to (19), one immediately arrives at the IR dimension
dIRS = 1 +
3
k
.
So, we can conclude that (19) provides the analytic answer for the (classical) flow of the spectral
dimension, see Fig.(1) for the case k = 1. Comparing this to the results of [8] (where the analytic
answer for the intermediate regime was not known), one sees perfect agreement.
3.2 UV/IR behaviour
In this part, we would like to give an analytic proof that the whole dynamics (not just spectral
dimension as above) of the system defined by the generalized Laplacian (15) in UV is controlled by
L
UV = ∂2t + (−1)z+1γz(∂i∂i)z while in IR by LIR = ∂2t + (−1)k+1γ(∂i∂i)k. For this we will show
that in both regimes the exact heat kernel (16) reduces to the form (8) with the obvious change
z → k in IR. To do so, we will start with the heat kernel in the form (18).
a) UV. As we discussed, this corresponds to γγ
− k
z
z τ
1− k
z ≪ 1, so we can use
1Ψ0
[(
3 + 2l
2z
,
k
z
)
,−γγ−
k
z
z τ
1− k
z
]
→ Γ
(
3 + 2l
2z
)
.
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Figure 1: The example of a smooth transition from the UV to IR regime for z = 3 and k = 1.
Using this in (18), we have
KUV (x− x′; τ) = 2
zγ
3
2z
z
√
π(4π)2τ
1
2
(1+ 3
z
)
e−
(t−t′)2
4τ
∞∑
l=0
(−|~x− ~x′|2(τγz)− 1z )l
(2l + 1)!
Γ
(
3 + 2l
2z
)
=
=
1
zγ
3
2z
z (4π)2τ
1
2
(1+3/z)
e−
(t−t′)2
4τ 1Ψ1
[
(3/2z, 1/z); (3/2, 1);− |~x− ~x
′|2
4(γz τ)1/z
]
, (20)
where we used the definition of 1Ψ1 from the appendix. It is clear that (20) is exactly the heat
kernel (8).
b) IR. As in the case of the spectral dimension, now we have γγ
− k
z
z τ
1− k
z ≫ 1, so we can use
asymptotics
1Ψ0
[(
3 + 2l
2z
,
k
z
)
,−γγ−
k
z
z τ
1− k
z
]
→ z
k
Γ
(
3 + 2l
2k
)(
γγ
− k
z
z τ
1− k
z
)− 3+2l
2k
.
Substituting this in (18) and again using the definition of 1Ψ1, one immediately arrives at the
correct IR answer:
KIR(x− x′; τ) = 1
kγ
3
2k (4π)2τ
1
2
(1+3/k)
e−
(t−t′)2
4τ 1Ψ1
[
(3/2k, 1/k); (3/2, 1);−|~x − ~x
′|2
4(γτ)1/k
]
.
9
4 Conclusions
In this work we have studied heat kernels for a class of the generalized flat Laplacians. This problem
is of interest both mathematically and physically.
Mathematically, in addition to that it is always interesting to find some new solutions of the heat
kernel equation, our results of a great interest due to the their connection to generalized geometries.
In our particular case, the objects we have studied are essential for the spectral geometrical study
of foliated manifolds with anisotropic scaling. Using our analytic results, we were able to explicitly
study some interesting geometrical properties of this geometry, such as spectral dimension.
Physically, the heat kernel is a crucial element of the spectral action approach. Namely, it
is responsible for the geometrical part of the action, which is given by the trace of the relevant
Laplace operator. Of course, in the flat case this part will be trivially zero even for the generalized
Laplacian, but as we explained in Introduction, the study of the flat heat kernel is a very important
step towards the general case. Once again, having analytic solution allows the detailed analysis. In
particular, we have been able to explicitly study the UV/IR transition in heat kernel.
As a bonus outcome of our study, we should mention the active use of Fox-Wright psi-functions.
Along with obtaining (or, probably re-deriving?) some properties of these functions, such as men-
tioned in Section 3 re-summation formula or expression for the integral (4) in terms of a psi-function,
the main point, in our opinion, is that we bring to the attention of broader scientific community
such a powerful yet less known object as the Fox-Wright psi-function. Being more general then
hypergeometric functions, it has potential to find its way into many physical problems. This, taking
into account the well-studied properties of Fox-Wright psi-functions, might help finding analytic
solutions that have been missed before.
The future directions quite naturally follow from the main goal of this line of the research:
application of the spectral action principle to HL gravity. The next step should be the study of the
heat kernel equation for some less trivial (non-flat) but still not general geometry. The complexity
of our flat solutions shows that already this step will be technically a serious challenge and our
preliminary study absolutely proves this. Having the solution to this problem, one should try to
reproduce HL action as a spectral action for this specific geometry. Ultimately, this should lead to
the complete spectral action. This, as we argued, might help to tame the huge ambiguity in the
present formulation of HL gravity as well as provide deeper understanding of the model.
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Appendix
Here we summarize some relevant properties of the Fox-Wright psi-function. Due to the importance
for our results, we give proofs to some statements below. Also, we find it useful to do so because
the psi-function is somewhat unknown to a non-specialist in the area,5 so providing proofs would
help to get acquainted with this function to some extent. For more details, see [16,18,20].
5E.g., we were unable to find this function neither in Maple nor in Mathematica.
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The Fox-Wright psi-function is defined as a natural generalization of the generalized hypergeo-
metric function:
Definition 1
pΨq [(a1, A1), ..., (ap, Ap); (b1, B1), ..., (bq , Bq); z] =
∞∑
k=0
∏p
n=1 Γ(an +Ank)∏q
n=1 Γ(bn +Bnk)
zk
k!
. (21)
It is immediately clear that
pΨq [(a1, 1), ..., (ap, 1); (b1, 1), ..., (bq , 1); z] =
∏p
n=1 Γ(an)∏q
n=1 Γ(bn)
pFq [a1, ..., ap; b1, ..., bq; z] .
To study the properties of the Fox-Wright psi-function (such as its asymptotic behaviour) and
its relation to some other special functions, it is useful to represent psi-function as a special case
of the Fox H -function, which is defined as [16]
Definition 2
Hm,np, q
[
z
∣∣∣∣ (a1, A1), ..., (ap, Ap)(b1, B1), ..., (bp, Bp)
]
=
1
2πi
∫
C
∏m
j=1 Γ(bj −Bjs)
∏n
i=1 Γ(1− ai +Ais)∏q
j=m+1 Γ(1− bj +Bjs)
∏p
i=n+1 Γ(ai −Ais)
zsds , (22)
where C is taken to be a contour that separates the poles of Γ(bj −Bjs) and of Γ(1−ai+Ais), and
ai, bi are such that there are no coinciding poles while Ai, Bi ∈ R+.
So, the Fox H -function itself is a generalization of the Meijer’s G-function, hence the relation of
the Fox-Wright psi-function with G-function (see below, Eq.(24)).
Proposition 3 Fox-Wright psi-function is given in terms of the Fox H-function as
pΨq [(a1, A1), ..., (ap, Ap); (b1, B1), ..., (bq , Bq); z] = H
1, p
p, q+1
[
−z
∣∣∣∣ (1− a1, A1), ..., (1 − ap, Ap)(0, 1), (1 − b1, B1), ..., (bp, Bp)
]
Proof. The proof is really straightforward. From the definition (22)
H1, pp, q+1
[
−z
∣∣∣∣ (1− a1, A1), ..., (1 − ap, Ap)(0, 1), (1 − b1, B1), ..., (bp, Bp)
]
=
1
2πi
∫
C
Γ(−s)∏pi=1 Γ(ai +Ais)∏q
j=1 Γ(bj +Bjs)
(−z)sds .
Γ(−s) has all the poles at s = n = 0, 1, 2, ..., while Γ(ai + Ais) has poles at s = −n+aiAi . For
ai, Ai > 0 these poles are separated by the Mellin-type contour C = {Im s = −ǫ}, for some small
enough ǫ > 0. Closing this contour at infinity in the right half-plane, only poles of Γ(−s) will
contribute producing
H1, pp, q+1
[
−z
∣∣∣∣ (1− a1, A1), ..., (1 − ap, Ap)(0, 1), (1 − b1, B1), ..., (bp, Bp)
]
=
∞∑
k=0
∏p
n=1 Γ(an +Ank)∏q
n=1 Γ(bn +Bnk)
zk
k!
,
which is exactly the definition (21).
Essentially using this result, in [18] several nice properties of 1Ψ1 [(a,A); (b,B); z] were obtained
for the case when A, B are either integer or rational numbers. The case of the rational parameters
is the one relevant for us (see Eq.(7)). One has the following relations between 1Ψ1
[
(a, αk ); (b,
β
k ); z
]
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α, β, k ∈ R and some other special functions (see, e.g. [19] for the definitions and properties of the
relevant functions):
i) Hypergeometric.
1Ψ1
[(
a,
α
k
)
;
(
b,
β
k
)
; z
]
=
Γ(a)
Γ(b)
+
k∑
s=1
Γ(a+ αk s)
Γ(b+ βk s)
zs
s!
× (23)
×α+1Fβ+k
[
1,
s
k
+
a
α
, ...,
s
k
+
a+ α− 1
α
;
s
k
+
b
β
, ...,
s
k
+
b+ β − 1
β
,
s+ 1
k
, ...,
s+ k
k
;
αα
ββ
(z
k
)k]
.
ii) Meijer’s G-function.
1Ψ1
[
(a,
α
k
); (b,
β
k
); z
]
= 2π(1+β−α+k)/2
√
kβ
α
αα
ββ
× (24)
×Gk ααk+β
(
αα
ββ
(
−z
k
)k ∣∣∣∣∣ 1−
a
α , ..., 1 − a+α−1α
0, 1k , ...,
k−1
k , 1− bβ , ..., 1 − b+β−1β
)
.
Also, using Proposition 3, one can easily study the asymptotic expansion for the large argument
of the Fox-Wright psi-function. We will do this for the case relevant for us, i.e. for 1Ψ0 [(a,A); z].
Proposition 4 The asymptotics of 1Ψ0 [(a,A); z] is given by
1Ψ0 [(a,A);−z] −−−−→|z|→∞
Γ
(
a
A
)
A
z−
a
A +O
(
z−
a+1
A
)
Proof. From Proposition 3, we have 1Ψ0 [(a,A);−z] = 12πi
∫
C Γ(−s)Γ(a + As)zsds. Let us now
close the contour at infinity in the left half-plane. Then only the poles of Γ(a+As) will contribute:
Γ(a+As) −−−−−−→
s→−n+a
A
(−1)n
n!A
1
s+ s+nA
.
Then we immediately get
1Ψ0 [(a,A);−z] = z
− a
A
A
∞∑
n=0
(−1)n
n!
z−
n
AΓ
(
a+ n
A
)
.
The leading contribution for |z| → ∞ comes from n = 0, which completes the proof.
This result can be easily generalized to the case of arbitrary psi-functions, pΨq.
One last result we would like to obtain is about derivative of the Fox-Wright psi-function.
Proposition 5
d
dz
pΨq [(a1, A1), ..., (ap, Ap); (b1, B1), ..., (bq , Bq); z] =
= pΨq [(a1 +A1, A1), ..., (ap +Ap, Ap); (b1 +B1, B1), ..., (bq +Bq, Bq); z]
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Proof. The proof is by the definition of pΨq:
d
dz
pΨq [(a1, A1), ..., (ap, Ap); (b1, B1), ..., (bq , Bq); z] =
=
∞∑
k=1
∏p
n=1 Γ(an +Ank)∏q
n=1 Γ(bn +Bnk)
zk−1
(k − 1)! =
∞∑
k=0
∏p
n=1 Γ(an +An +Ank)∏q
n=1 Γ(bn +Bn +Bnk)
zk
k!
=
= pΨq [(a1 +A1, A1), ..., (ap +Ap, Ap); (b1 +B1, B1), ..., (bq +Bq, Bq); z]
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